Understanding product integration
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Abstract. Product integration is a very powerful, but somewhat neglected topic
in applied survival analysis: Survival data are usually incompletely observed, the
most important example being independent right-censoring. This leads to survival
analysis being based on hazards, because the hazard of seeing an event is undis-
turbed by censoring. The Kaplan-Meier estimator of the survival function is a finite
product over one minus empirical hazards, and it approaches e to the negative true
cumulative hazard. This result is not very intuitive, but it is much better understood
using product integration: A product integral is a ‘continuous time product’, like a
usual integral is a ‘continuous time sum’. The product integral over one minus the
true hazard is a ‘product’ over infinitesimal conditional survival probabilities, and
therefore equal to the survival probability. The product integral over one minus the
empirical hazard equals the Kaplan-Meier estimator. The ‘e to the negative true cu-
mulative hazard’-formula is then seen to simply be the solution of a product integral.
We explore these connections in R, where one function prodint both approximates
the true survival function arbitrarily close and results in the Kaplan-Meier estimate
when applied to data based empirical hazards.

Both theory and the R implementation generalize to the matrix-valued case that
is important for multistate models: Here one individual may experience a possibly
random number of events, e.g. transitions between ‘healthy’ and ‘ill’ before dy-
ing. Closed formulae for the transition probabilities will in general not be available
anymore, but a matrix-valued version of prodint may still be used for numerical
approximation. It also results in the Aalen-Johansen estimator of the matrix of tran-
sition probabilities, a generalization of the Kaplan-Meier estimator, when applied
to empirical transition hazards. Empirical transition hazards can be obtained in R
using the mvna-package.
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