
Anders	  E.	  Bilgrau,	  PhD	  fellow	  
abilgrau@math.aau.dk	  

	  
Supervisors:	  	  

Mar=n	  Bøgsted	  and	  Poul	  Svante	  Eriksen	  

Unsupervised	  Clustering	  and	  	  
Meta-‐analysis	  using	  	  

Gaussian	  Mixture	  Copula	  Models	  	  

DEPARTMENT OF HAEMATOLOGY 
 

AALBORG UNIVERSITY HOSPITAL DEPARTMENT OF MATHEMATICAL SCIENCES 



Introduc9on	  
	  

•  Model	  based	  unsupervised	  clustering	  
– Gaussian	  mixture	  models	  (GMM)	  
– Gaussian	  mixture	  copula	  models	  (GMCM)	  

•  A	  semi-‐parametric	  version	  of	  GMM	  
•  Example	  in	  “regular”	  clustering	  
•  Example	  in	  “reproducibility	  analysis”.	  

•  Implemented	  in	  package	  GMCM	  (on	  CRAN)	  
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Introduc9on	  
	  •  You	  are	  presented	  with	  some	  data…	  
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Gaussian	  Mixture	  Models	  
	  

4	  

•  …	  but	  the	  classes	  are	  unknown	  

Use	  a	  GMM?	  

2	  or	  3	  clusters?	  
	  
	  

K ⇠ Categorical(⇡1, . . . ,⇡m)

Z|K = k ⇠ Nd(µk,⌃k)

Normally	  distributed?	  



Gaussian	  Mixture	  Copula	  Models	  
	  •  What	  if	  data	  is	  clearly	  non-‐normal?	  
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But	  what	  are	  GMCMs?	  
•  Model	  the	  data	  with	  a	  latent	  m-‐component	  GMM:	  
	  
	  
	  
	  
where	  

•  Observe	  
	  
	  
where	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  are	  arbitrary	  monotone	  increasing	  
funcSons	  
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Z = (Z1, . . . , Zd)
>

K ⇠ Categorical(⇡1, . . . ,⇡m)

Z|K = k ⇠ Nd(µk,⌃k)

f1, . . . , fd

X = (X1, . . . , Xd)
> = (f1(Z1), . . . , fd(Zd))

>



Gaussian	  Mixture	  Copula	  Models	  
	  •  GMCMs	  are	  a	  choice	  here.	  
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Can	  we	  transform	  the	  axes	  to	  make	  the	  data	  normal?	  



GMCMs	  in	  prac9ce	  
	  

•  In	  pracSce,	  we	  model	  the	  ranked	  observaSons	  
•  The	  copula	  of	  the	  GMM	  is	  a	  model	  for	  the	  
ranked	  observaSons.	  

•  A	  copula	  is	  a	  distribuSon	  funcSon	  with	  uniform	  
marginal	  distribuSons	  

•  Then	  opSmize	  the	  (complicated)	  likelihood	  of	  
the	  ranks	  
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GMCMs	  in	  prac9ce	  
	  •  Plot	  of	  the	  ranks:	  
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Clustering	  via	  GMCM	  
	  

•  We	  can	  derive	  the	  likelihood	  of	  the	  model:	  

•  EsSmate	  parameters	  with	  ML	  
–  (Pseudo)	  EM	  algorithm	  
–  Standard	  numerical	  opSmizaSon	  methods	  

•  Compute	  class-‐probabiliSes	  and	  decide	  the	  class;	  e.g.:	  
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ˆk = argmax

k
P (K = k|X, ˆ✓)

K ⇠ Categorical(⇡1, . . . ,⇡m)

Z|K = k ⇠ Nd(µk,⌃k)

X = (X1, . . . , Xd)
> = (f1(Z1), . . . , fd(Zd))

>

fit.full.GMCM(...) 

get.prob(...) 



GMCMs	  in	  prac9ce	  
	  •  Plot	  of	  the	  ranks:	  

11	  



GMCMs	  in	  prac9ce	  
	  •  Plot	  of	  the	  ranks:	  
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Clustered	  with	  GMCM	  



Example	  1:	  
	  •  Image	  segmentaSon	  

•  An	  RGB	  pixel	  image	  with	  n	  pixels	  	  
– can	  represented	  as	  a	  n	  by	  3	  table.	  
– values	  in	  [0,	  1]	  
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cluster	  the	  rows	  

(non-‐gaussian)	  	  



Example	  1:	  
	  

•  The	  space	  shucle	  
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1500	  px × 965	  px	  =	  1.4	  mpx	  	  



Example	  1:	  
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Segmented	  into	  11	  colours	  



Example	  2:	  
Cross-‐plaEorm	  reproducibility	  of	  differen9ally	  expressed	  genes	  

•  Two	  geneSc	  studies	  invesSgaSng	  the	  acSvity	  
of	  genes	  in	  two	  cell	  types	  of	  lymph	  nodes.	  

•  The	  studies	  were	  carried	  out	  on	  2	  different	  
microarray	  types:	  
– we	  test	  11,000	  genes	  in	  two	  independent	  studies	  
(think	  t-‐tests)	  
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Example	  2:	  
Cross-‐plaEorm	  reproducibility	  of	  differen9ally	  expressed	  genes	  
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1	  -‐	  p	  
Study	  1	  

Study	  2	  



Special	  case	  GMCM	  
	  for	  reproducibility	  analysis	  

	  
•  Latent	  process:	  (2-‐component	  mulSvariate	  Gaussian	  mixture,	  d	  =	  2)	  

•  Observed	  ranks	  follow	  marginally	  uniform	  data	  by:	  

	  
	  

ui1 = G(zi1)

ui2 = G(zi2)

[Li	  et	  al.,	  2011]	  

✓ = (⇡, µ,�, ⇢)

Ki ⇠ Bernoulli(⇡)
✓
zi1
zi2

◆ ����Ki = 0 ⇠ N2

✓✓
0

0

◆
,

✓
1 0

0 1

◆◆

✓
zi1
zi2

◆ ����Ki = 1 ⇠ N2

✓✓
µ
µ

◆
,

✓
�2 ⇢�2

⇢�2 �2

◆◆

G(z) = (1� ⇡)�(z) + ⇡�

✓
z � µ

�

◆

GMCM::fit.meta.GMCM(...) 
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14122	  irreproducible	  
1751	  reproducible	  

Example	  2:	  
Cross-‐plaEorm	  reproducibility	  of	  differen9ally	  expressed	  genes	  

is	  an	  aggregated	  
level	  of	  evidence	  

P (K = k|X, ✓̂)



The	  GMCM-‐package	  

•  Fast	  implementaSon	  via	  Rcpp/RcppArmadillo	  
–  (>	  500x	  speed-‐up	  compared	  to	  idr)	  
– Pseudo	  EM	  algorithm	  

•  Suggested	  by	  Li	  et	  al.	  (2011)	  and	  Tewari	  et	  al.	  (2011)	  
– Standard	  numerical	  methods	  via	  optim(…) 

•  User	  friendly	  (I	  think)	  	  
•  Arbitrary	  number	  of	  dimensions,	  components	  
– Special	  case	  analysisfor	  any	  d.	  
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Conclusion	  &	  take	  home	  

•  GMCMs	  are	  semi-‐parametric	  versions	  of	  GMMs	  
– potenSal	  alternaSve	  to	  GMMs	  where	  non-‐Gaussian	  
clusters	  are	  present	  

•  The	  GMCM-‐package	  allows	  simulaSon	  from	  
and	  fikng	  GMCMs	  of	  arbitrary	  dimension	  and	  
number	  of	  clusters.	  

•  The	  model	  has	  problems	  of	  idenSfiability	  
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•  hcp://cran.r-‐project.org/package=GMCM	  	  (in-‐depth	  vignece/JStatSon	  paper)	  
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Further	  references	  and	  informa9on:	  

	  

Thanks	  for	  listening!	  


